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Spectral Properties of the
Threshold Network Model

Yusuke Ide, Norio Konno, and Nobuaki Obata

Abstract. We study the spectral distribution of the threshold network model. The
results contain an explicit description of the distribution and its asymptotic behavior.

[. Introduction

The threshold network model G,(X,60), where X is a random variable, n > 2
is an integer, and 6 € R is a constant called a threshold, is a random graph
on the vertex set V' = {1,2,...,n} obtained as follows: Let X, Xo,...,X,, be
independent copies of X and draw an edge between two distinct vertices i,j € V'
it X; + X, > 0. In other words, G,(X,0) is specified by the random adjacency
matrix A = (A;;) defined by

p Mo (X + X5), i # g,
K 0, otherwise,

where Ig denotes the indicator function of a set B.

As a small variant one may allow self-loops; see, for example, [Bose and Sen 07].
In this case the threshold network model is denoted by G,(X,#), where two
vertices 4, j € V (possibly ¢ = j) are connected if X; + X; > 6. The adjacency
matrix A = (A;;) is given by

Aij 21(9700)(X1+Xj)a i,7€V.

The threshold network model has been extensively studied as a reasonable

candidate model of real-world complex graphs (networks), which are often
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characterized by small diameters, high clustering, and power-law (scale-free) de-
gree distributions [Albert and Barabasi 02, Boccaletti et al. 06, Newman 03]. In
fact, the threshold network model belongs to the so-called hidden variable models
[Caldarelli et al. 02, Séderberg 02] and is known for being capable of generating
scale-free networks. Their mean behavior [Bogund and Pastor-Satorras 03, Cal-
darelli et al. 02, Fujihara et al. 09b, Hagberg et al. 06, Masuda et al. 04, Servedio
et al. 04, Séderberg 02] and limit theorems [Fujihara et al. 09a, Ide et al. 07, Ide et
al. 09, Konno et al. 05] for the degree, the clustering coefficients, the number of
subgraphs, and the average distance have been analyzed. For related work, see
also [Diaconis et al. 09, Ide et al. 07, Ide et al. 09, Konno et al. 05, Mahadev and
Peled 95, Masuda et al. 05, Masuda and Konno 06].

Spectral properties of the threshold network model are also of interest. As a
simple case, the binary threshold model appears in [Taraskin 05]. The strong
law of large numbers and central limit theorem for the rank of the adjacency
matrix of the model with self-loops are given by [Bose and Sen 07]. Eigenvalues
and eigenvectors of the Laplacian matrix of the model have been studied in
[Merris 94, Merris 98]. For general results of spectral analysis of graphs, see, for
example, [Hora and Obata 07].

The main purpose of this paper is to study the spectral distribution, i.e., the
distribution of the eigenvalues of the adjacency matrix of the threshold network
model. Theorems 2.1 and 3.1 show the representations of the spectral distri-
bution of the models. Moreover, we give some examples whose eigenvalues are
asymptotically dominated by the special eigenvalues —1 and 0. Theorem 4.3 cov-
ers the preceding study of the rank of the adjacency matrix [Bose and Sen 07].

This paper is organized as follows: In Section 2 we recall the hierarchical
structure of the threshold network model and derive the spectral distribution of
each sample graph (threshold graph). In Section 3 we obtain similar results for
the threshold network model that admits self-loops. In Section 4 we derive some
asymptotic behavior for the spectral distributions, and in Section 5 we give a
simple example called the binary threshold model.

2. Spectra of Threshold Graphs

Each sample graph G € G, (X,0) has a hierarchical structure described by the
so-called creation sequence, introduced in [Hagberg et al. 06]. Here we adopt
a variant from [Diaconis et al. 09]. Each G being determined by the values of
random variables X1, Xa,..., X;,, we arrange them in increasing order: X ;) <
X(g) <... < X(n). If X(l) + X(n) > f, we have

0<Xay+Xm <Xy +Xn) <0 < Xnor) + Xy,
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Figure 1. A threshold graph G corresponding to S¢ = {1,1,0,0,1,0,1,0}.

which means that the vertex corresponding to X(,) is connected with the n —1
other vertices. Otherwise, we have

02 Xay+Xm 22 Xa)+ X 2 Xy + X2),

which means that the vertex corresponding to X(;) is isolated. We set s, = 1
or s, = 0 according to whether the former case or the latter occurs. Then,
according to the case we remove the random variable X ,) or X(;), and we use
a similar procedure to define s,,_1,...,ss. Finally, we set s; = s and obtain a
{0, 1}-sequence {s1, s2,...,8,}, which is called the creation sequence of G and
is denoted by Sg.

Given a creation sequence Sg, let k; and [; denote the number of consecutive
bits of 1’s and 0’s, respectively, as follows:

k l k l km lm
Se={1,...,1,0,...,0,1,...,1,0,...,0,...,1,...,1,0,...,0}. (2.1)

It may happen that k; = 0 or [,,, = 0, but we have ko, ..., kp,l1, ... lme1 > 1,
and m > 1. Moreover, by definition we have two cases: (a) k; = 0 (equivalently
s1 =0) and I3 > 2; (b) k1 > 2 (equivalently s; = 1).

For example, if S¢ = {1,1,0,0,1,0,1,0}, then ky = 2,11 =2, ko =1, I = 1,
ks = 1,13 =1, and Figure 1 shows the shape of G.

The creation sequence Sg gives rise to a partition of the vertex set:

1 0 1 0
v=UvPuJv®  mOl=k =t
i=1 i=1

The subgraph induced by V;(l) is the complete graph on k; vertices, and that
induced by V;(O) is the null graph on [; vertices. Moreover, every vertex in Vi(l)
(respectively V;(O)) is connected to (respectively disconnected from) all vertices in

v U uvPuv@u. o,
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In general, a graph possessing the above hierarchical structure is called a thresh-
old graph [Mahadev and Peled 95]. Hereinafter, we use 0 as the point measure
on X € R.

Theorem 2.I. Let G be a threshold graph with a creation sequence Sg = {s1 =
82,83,...,5n}. Define k; and l; as in (2.1) and set

Zk —(m—1) = Iy(s1),  Cul Zl —(m—-1). (2.2
Then the spectral distribution of G is given by

Cn(_l)

C,(0) 1<
1wn(G) = 5_1+nT50+EZ:5)\j, J=2(m—1)—|—f{1}(51), (2.3)

where {\;} exhausts the eigenvalues of the matric

(ke — 1 Lq km—1 o .. 1t k1
km 0 0 0 ... 0 0
km, 0 km—1—1 lp—o ... It k1
ki 0 k—1 0 ... 0 0 (2.4)
km, 0 k-1 0 ... 0 0

S R S 0 ky—1]

for s1 =1 (equivalently k1 > 2), or

(ke — 1 Lq km—1 ln—o ... ko Iy]
km, 0 0 0 e 0 0
kum, 0 km—1—1 lp—o ... ko 1
ki 0 k—1 0 .. 0 0 (2.5)
km, 0 k-1 0 cor ke —1 4
km 0 km—1 0o ... ko 0

for s1 =0 (equivalently ki = 0). Moreover, any A; in (2.3) differs from 0 and
—1, d.e., Ch(—1) and C,(0) are respectively the multiplicities of the eigenvalues
—1 and 0.
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Proof. Let 1;; denote the ¢ x j matrix consisting of only 1’s, 0, ; the i x j zero
matrix, [; the ¢ X ¢ identity matrix, and 1;,; = 1;; — I;. By the hierarchical
structure mentioned above, the adjacency matrix Ag of G is represented in the
form

Olm, lm OlmJVm, Olrnvlm—l OIkam—l Olelm—2 e Olell Olm,vkl )
Okam iknzwknz 1kalm—1 1’9771 km 1lmvlm—2 1kal1 1kak1
Ot_titm Y1 km Ol 10 Olm 1 knb 1 O, g, Oty 1,01 Oty kg
Ok 1tm Lkt km Ok i bt Lkt ko1 Depo 1o lm—s R Y NI SR T S
0ty oitm L _oitm Oty oty L okpn Oty oilpmo -ov Oy oy Ony ok
Oty 11, L1y ko (LR Loy by 0l1 lm—2 01114 911,761
Oky i Ly em Oky l—1 Loy kpm—1 Ok l—2 T Oky .1y Loy kg

The adjacency matrix A acts on C™ from the left. We define subspaces of
C™ by

Ou;+1
Vi(=1) = € | & +Lt o+ &, =0p, 1<i<m,
L Od;
o,
Vi(0) = ., cmt+mt+g, =0, 1<i<m-—1,
_Oki+d'i
o= ()
where
& m 1 0
&2 2 1 0
S=1.> m=|.], L=|], 0;=11,
&k Ui 1 0
and
m i—1
ui = Z (I + k), di:Z(lj+kj).
j=i+1 j=1

Since Ag acts on V;(—1) as the scalar operator with —1, it possesses the eigen-
value —1 with multiplicity at least

ZdlmV ik—l Zk—m
1=1
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if kl > 2 (i.e., S1 = 1), and

Zdlmv Zk—l Zk— —1)
=2

if k1 =0 (i.e.,, s1 = 0). In any case, the multiplicity is at least C),(—1), defined
n (2.2). Similarly, acting on V;(0) as a scalar operator with 0, Ag possesses the
eigenvalues 0 with multiplicity at least C,,(0).

Let W be the orthogonal complement to @, (V;(—1) @ V;(0)). The matrix
representation of Ag on W with respect to the basis

Ou;+i;
v; = ].kv

7 )

04,

2
and

0.,
w; = 1, , 1<i<m-—1,
Ok, +d,

is given by (2.4) or by (2.5) according as k1 > 2 or k; = 0. Then, one may verify
easily that the eigenvalues of the matrices (2.4) and (2.5) are different from —1
and 0. O

Remark 2.2. After a simple calculation, we see that the eigenvalues A\q,...,As in
(2.3) are obtained from the characteristic equations

M\ =0,
where
(ks —1— X s km_1 ln—o ... 11 kq i
km —A 0 0 ... 0 0
km 0 kmm—1—1—=X lLn—o ... L k1
M()) = det ko 0 km—1 A ... 0 0
I km 0 kp—1 0 0 ki—1-2MX
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if kl > 2 (i.e., S1 = 1) and

b —1 =X lps Fem—1 I ... o I
o —A 0 0o ... 0 0

km 0 kmor—1—X lLpo ... ko I

M(X) = det Km 0 Fem—1 - 0 0
o 0 ke —1 0 ... ka—1-X L

Lk 0 k1 0 ... ko =Y

it ki =0 (i.e., s1 = 0). Simple calculation shows that

M(—1) = [T T PR if k1 > 2 (i.e., s1 = 1),
koo kpm-(lh—1)-lo---ly_1, otherwise,

and

(kl — 1)-k2-'-]€m'll-'-lm,1, 1f/€1 Z 2 (i.e., S1 = 1),
ko - km -l lm_1, otherwise,

M(0) = {

from which we see also that the {)\;} contain neither —1 nor 0.

3. Spectra of Threshold Graphs with Self-Loops

The idea of a creation sequence in Section 2 can be applied to the threshold
network model that allows self-loops. With each G € G, (X,0) we associate a
creation sequence Sg = {51, 352,...,5,} as follows: if X(1) + X(,,) > 6, we have

0 < X(l) + X(n) < X(2) + X(n) << X(n—l) + X(n) < X(n) + X(n)a

which implies that the vertex corresponding to X, is connected with the n —1
other vertices and has a self-loop. Otherwise,

0>Xay+Xp == Xay+ X = Xy + Xy = Xy + X1,

which means that the vertex corresponding to X(;) is isolated and has no self-
loops.

We set 5, = 1 or 5, = 0 depending on whether the former case or the latter
occurs. Then, according to the case, we remove the random variable X, or
X(1), and we employ a similar procedure to define 5, _1,...,52. Finally, letting
X(«) be the last remaining random variable, set §; = 1 if X, > 0/2 and 3; =0
otherwise. In this case G is called a threshold graph with self-loops associated
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with a creation sequence S = {31,52,...,5,}. We note that if §; = 1, the
corresponding vertex has a self-loop, and otherwise no self-loop.
Given a creation sequence S = {51, 52,..., 8, }, we define k; and [; as in (2.1).

It may happen that k1 = 0 and [, = 0, but ks, ..., kn,l1,...,l;m—1 > 1 and
m > 1. The adjacency matrix Ag of G is of the form

M Otlim 01, km Ol Ot ko1 Oty -+ Oupty 01,k ]
OkanL 1k¢nvkm 1krnwlm—1 1krnwkm—1 1lelm—2 T 1kal1 1kak1
Ot _1tm Lt aikm Ol gitin Oty ky O yilyo oo Ot gty Oy kg
Ok —1ilm Lkp1okm Ok 1il1 Lk tke1 Ykl o0 Lk gty Lk, gk
Oty ot Ly oitm Oty _oity1 L oikpoq Oty oy o (P R U P 1
01y ,1m Liy km, 01y 1 L1y ko 011,12 011,14 01y 1y
L Okytm Liy km Oky lyy_1 Lky ko1 Oky 1y Oky .1y Liy kg

(3.1)
Repeating a similar argument as in Theorem 2.1, we obtain the following result.

Theorem 3.1. Let G be a threshold graph with self-loops associated with a creation

sequence S = {51,82,..., 8} and its adjacency matriz given as in (3.1). Set
Cr(0) = n —2(m — 1) — Iy (51). (3.2)

Then the spectral distribution of G is given by

o~ J

. Cn(0) 1 .
in(G) = == b0 + — ;axj, J=2Am -1 +InG),  (33)
ra

where {\;} ezhaust the eigenvalues of

_km lm—l km—l lm—Q cee ll kl_

km, 0 0 0 ... 0 0

km, 0 kmo1 lp—o ... LU Kk

km 0 kmna 0 ... 0 0

km, 0  kma 0 ... 0 0

L 0 kna 0 oo 00 k]
for s =1 (ie., k1 > 1), or

—km lm—l km—l lm—Q cee kQ ll-

km 0 0 0 ... 0 0

km 0  km—o1 lm—a ... k2 L

km 0 km—l 0 0 0

™ 0 kna 0 ko I

?T
3
o
o
3
L
o

ko 0O
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for 31 =0 (i.e., k1 = 0). Moreover, any \; in (3.3) differs from 0, i.e., C,(0) is
the multiplicity of 0.

Remark 3.2. The eigenvalues \q, ...

equations

det

for s =1 (i.e., k1 > 1), and

det

0

_lm—l

-2
A

0

o

0

_lmfl

lm—Q

0
-A

A

o

lm—2

0

for s1 =0 (i.e., ky = 0).

4. Limit Theorems

0 0 0o ... 0
0 0 0 km—1
-2 0 ko 0
A kBi—=X 0 ... 0
L A A . 0
0 0 0 -
0 0 0 A
0 0 0 0
0 0 0 km—1
0 0 0 0
X ke 0 0
L+Xx =X 0 0
0 A=A 0
0 0 0 —-A
0 0 0 A

, Asin (3.3) are obtained from the characteristic

km
0

=
I
o

o0 -

In this section we discuss the asymptotic behavior of the spectral distributions
obtained in the previous sections.
We first consider the case in which the distribution of X is discrete and given by

P(X =i)=p; i=01,..., » pi=L
1=0
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Let m > 1 be a fixed integer. Take a particular threshold § = 2m — 1 and
assume that p; > 0 for ¢ = 0,1,...,2m — 1. It follows from the strong law of
large numbers that

L=#{yj: X;=m—1i}, i=1,...,m,
ki=t{j:X;=m—14i}, i=1,...,m—1,
km = #{j : X;j = 2m — 1},

li=ki=0, i>m+1,

for large n almost surely. Moreover, denoting by F' the distribution function of
X, we have

1 & 1 &
nlggoﬁgli = F(m—1)as. nler;oEZki =1-F(m—1)as.

i=1

With these observation we easily obtain the following theorem.

Theorem 4.1. With notation and assumptions as above, the spectral distributions of
Gn(X,2m — 1) satisfy

lim pp(G)=(1—=F(m—1))-0_1+ F(m—1)-d a.s.

Similarly, the spectral distributions of ,C';n(X ,2m — 1) satisfy

lim 71, (G) = do a.s.

n—oo

Remark 4.2. Similar results hold when the distribution of X is discrete and F
has only a finite number of jumps in (—o0,6/2] or (#/2,00). But no simple
description is known for the general case.

Next we consider the case in which the distribution of X is continuous. As
is stated implicitly in [Bose and Sen 07], if the distribution of X is continuous
and symmetric around 0, then the distribution of zero and one entries in the
creation sequence S of each graph generated by én(X ,0) is the same as the
distribution of a sequence of i.i.d. Bernoulli random variables {}7;}1:12” with
success probability 1/2, that is,

PY,=0)=PY,=1)=1/2, fori=12,... n.

In this case, we can take Y; = Ijp,00)(X;) by the first argument of the proof of
[Bose and Sen 07, Theorem 1].
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This means that S = {31, 52,...,5n} 4 {Y1,Y2,...,Y,}. Recall that the cre-
ation sequence S of each graph generated by G, (X,0) is always satisfied with
$1 = s2. Then we observe that S = {s; = s2,53,...,8,} 4 {Ys,Y2,Y5,..., Y, },
where similarly, {Y;}i=2 3, . is the sequence of i.i.d. Bernoulli random variables
with success probability 1/2.

Taking the above consideration into account, we obtain the asymptotic be-
havior of coefficients of point measures on —1 and 0 appearing in p,(G) and

[in(G).

Theorem 43.  Assume that the distribution of X is continuous and symmetric
around 0. Define Cp(—1), C,(0), and C,(0) as in (2.2) and (3.2). Then we
have

(1) limy— oo Cr(—=1)/n = limy, 0o Cp(0)/n = 1/4 a.s.
(2) Vn(Cp(-1)/n—1/4) = N(0,1/4) and \/n (Cy(0)/n —1/4) = N(0,1/4) as

(3) limy, 0o Cn(0)/n = 1/2 a.s.
(4) /n(Cn(0)/n—1/2) = N(0,1/4) as n — co.

Proof. Note the following relations:

Zk — —1 I{l}(sl)
n—1 n—1
i<Y2+z:Y> Z Yi)Yi+1—Y2=Y2+ZYiYi+17
=2 =2

Zl— -1)

n n—1
(1- m} =) (1 =YY

K3

i{(1—Yg)+

=2

=

=2-Yo-Y,+ ) (1-Y)(1—-Yip),
=2
Cn(0) =n —2(m — 1) — I3y (51)
n—1
—n—2Z 1=Y)Yip1 = V1 = 1= Yot (1= Y + Yip1 )1+ Y; — Yiga).

i=1
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We then easily check that

E[Ca(-1)] = BIC,(0)] - 5 = 5
and
E[C,(0)] = g

Applying a similar argument as in [Bose and Sen 07, Theorem 1], we have the
assertion of the theorem. O

When the distribution of X is continuous and symmetric around 6/2, we can
obtain similar results for G, (X,0) and G, (X, 0) by a straightforward modifica-
tion. Research covering a more general situation is now in progress.

5. Binary Threshold Model

In this section we give a simple example. The threshold network model defined
by Bernoulli trials X7, Xo,..., X, with success probability p, i.e., 0 < P(X; =
1) = p < 1, and a threshold 0 < 6 < 1 is called the binary threshold model and
is denoted by G, (p). For G € G, (p) the partition of the vertex set V' is given by

vV =10y V(O)7 v — {i; X; =1}, VO — {i: X; =0}.

Theorem 5.I. For G € G, (p) we set [VD| =k and [V = 1. Then the spectral
distribution of G is given by

k—1 -1
kg = ——0-1+
n

1 1
0o + —0x, + = Ox_,
n n n

where
kE—1++/(k—1)2+4kl

Ay = 5 . (5.1)

Proof. We have only to apply Theorem 2.1 with Iy =1, lo = ky =0, ks = k, and
m = 2. In this case, (2.5) becomes

the eigenvalues of which are Ay in (5.1). O
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Corollary 5.2. Let i, (G) be the spectral distribution of G € G, (p). Then we have

lim (1, (G) =p-0-1+ (1 —p)-do a.s.

n—oo

Proof. The result follows from the strong law of large numbers; see also Theo-
rem 4.1. O

As for the the mean spectral distribution, we have the following theorem.

Theorem 5.3. The mean spectral distribution of the binary threshold model G, (p) is

given by
un=<p—%>5 (1—p—5>50
+ - Z( ) =0)" (O ) s (5.2)

where

k—1+/(k— 12+ dk(n — &)

)\:I:(k) = ) 5

k=0,1,...,n.

Proof. Since

PV =k VO =) = ()it -p) E+i=n

the mean spectral distribution is given by

p= Z() =) .

Then (5.2) follows from Theorem 5.1 by direct computation. O

Corollary 5.4. Let 1, be the mean spectral distribution of the binary threshold model
Gn(p). Then we have

lim gy =p 31+ (L= p) - do.
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